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34 Methods to trace nonlinzar prebuck-
ling paths

In the computational algorithms the nonlinear problem
is most commonly solved by the well-known Newton-
Raphson method, NR method!5 .22 1251061191142,
n72m4 This method consists of a series of linear
steps where a solution which satisfies deformation
compatibility is successively corrected until it also sat-
isfies equilibrium conditions (Figure 1la). Alterna-
tively, smaller load increments may ke repeated with
correspondingly fewer iterations within each load
incremeni as in the incremental Newton-Eaphson
method, INR method (Figure 11b).

For less nonlinear systems the tangent stiffness
matriz need noi be formulated anew for each iterative
cycle. Instead, the stiffness matrix calculated at the
starl of the load increment can be used repeatedly until
convergence is reached (Figure 11c). This modified
MNewton-Raphson method, MNE method gives a less
accurate correction to the deformations and thus slow-
er to converge., However, considershle savings
computation time are gained in formulating the tan-
gent stiffness matrix.

For tracing the entire nonlinear prebuckling path an
incremental method is used based on NR or MNR
methods (Figures 12a,b). If the initial elastic stiffness
matrix is used in the MNR scheme for all the incre-
ments (Figure 12¢) the technique is termed as constant
initial stiffness method, C1S method!®,

The main advantage of using MNR or CIS methods
is the saving in computer time in comparison with NR
method. The disadvantages are that these methods suf-

fer from poor convergence when the nonlinearity in
the system is extensive.
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35 Methods to overcome problems at
lirmit points

The NR method, with various modifications, is widely
used to trace nonlinear prebuckling paths. However, in
the vicinity of the limit point, as the tangent stiffness
malrix approaches singularity, the iteration ends o
diverge. To overcome this problem and to trace the
equilibrium paths through limit points into the post-
critical range, several methods have been proposed:

(1} Riks-Wempner method?31-24208 (Fipure 13a) was
conceived separately by each of the two authers. This
methiod is known also as constant arch-length method.
Starting from a point A, the next point B is determined
following a plan normal to the tangent. If for each iter-
alion the tangent stiffness matrix is the one established
for point A, the procedure is known as modified Riks-
Wempner method.

(i1} Wessels method™ introduces a two-step calcula-
tion procedure (Figure 13b), which avoid the inversion
of the tangent stiffness matrix.

{iii} Ramm methoed??* (Figure |3c) consists of a fur-
ther modification of the Riks-Wempner method. The
idea i1s to uwpdate the condition of orthogonality
expressed in the Riks-Wempner method at each itera-
tion. By means of this technigue it is in fact possible
to increase the gquality of imlersection between the
equilibrium path and the control surface. Similar to the
other methods, a modified Ramm method can be wsed,
when the tangent stiffness matrix is updated only once
at each iteration.

(iv) Crisfield method7-£372305 {Figure 13d) can also
be considered as a modification of the classical Riks-
Wempner method. This method uses a sphere with the
centre at the last known point and the iteration is per-
formed along a circle. In the modilied Crisfield
method the tangent stiffness matrix is updated only w
the beginning of each load increment.

The Lancros algorithm for overcoming problems ai
the limit points is also presented in [215.222].

A general presentation of the methods to overcome
problems at the limit points is given in [29.70,119].

Borri?* shows that the modified Ramm method is the

fastest iteration procedure.
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